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Abstract:

This paper explores linear transformations in two-dimensional space, focusing on how 2x2 matrices act on vectors
and shapes. We review definitions of vectors and matrices, then examine common transformations: scaling,
rotation, reflection, shear, and projection. Each type’s matrix form and effect on points are given, with example
equations. We show how basic shapes (square, triangle, circle) change under transforms, and discuss eigenvalues
and invariant directions. Composition of transforms (matrix multiplication) is explained, noting that the order
matters. Applications in computer graphics, physics, and robotics are highlighted. Figures and tables summarize
key transformations, and practice problems are provided. Overall, we emphasize visualization and intuitive
understanding of how matrices warp the plane.

Keywords: Matrix transformation, linear algebra, 2D geometry, scaling, rotation, shear, projection, eigenvalues,
computer graphics.

HEE
Cleaid) Lo 2x2 i shian il 4aS o 58 1 ae b U5 pliadll b ddadll Dy sail) Afind) 48 ) o)) o3 (oS
coaill g (ulSai¥l s el salls el AalEl sl (a2 5 ecld shiaall ) Clgatall Cldy i et JIKEY
L1 JISEY) 5 (o a3 ¥ alaal) e Alial e caliil] e o 505 5 b ghadll ¢ 531 (e g 3 JS UK and LlawY)
Gp) Olaill S i i A ClalaiVly A8 aal s cdlsadll Gl cad (6aal cCalid) (gl
oadli gyl g cely il 5 e gulal) Cila gy b lindadl e ¢ guall Jalis LS i il dpaal sle) jo pe (@l siiadll
b ghadll 4358 Al ) agdll s el e S5 cale JS Ay 0 Jilae adi g o saill aal Jslaall s JISEY

S sl

e sasy AGIAN 4l (JaliuY) cpaill ¢l ) sall ¢l calas¥) A dunighl ¢ Jadll juall (il siiaall s rAalidal) cilalsl)
Lsulad)

Introduction

Linear algebra in two dimensions studies vectors in R? and how matrices map them. A 2x2 matrix 4 acts on a
vector x by producing 4x, a new vector. In this view, a matrix represents a function f(x) = Ax from R? to itself.
Margalit and Rabinoff (2019) explain that “4 can be thought of as a function with independent variable x and
dependent variable b = Ax”. In practice, many geometric operations are linear transformations. For example, a
matrix can model scaling, rotation, reflection, or shear of the plane. These transformations are fundamental in
fields like computer graphics and robotics. For instance, rotation matrices are used “extensively for computations
in ... physics and computer graphics”. Computer graphics often applies translation, rotation, and scaling to
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images, while robotics uses matrices to represent positions and orientationsmotion.cs.illinois.edu. This paper
surveys the math behind these 2D transformations, illustrates their geometric effects, and discusses applications.

Mathematical Background

A 2D vector is an ordered pair (x,y) that can be written as a column (;) A 2x2 matrix has form

Ao (a b)

" \cd

with four real entries. The matrix acts on a vector by the rule
(a b) <x) _ (ax+ by)
cd/ \y) \cx+ dy

This is matrix-vector multiplication. It combines the matrix rows with the vector’s components (the row—column
rule) to yield a new 2D vector. For example, if
A= ((2) i) and v = (x,y), then Av = (2x + y,0x + 1y) = (2x + y,y). In linear algebra, such a map v » Av is

called a linear transformation. It is a function that preserves vector addition and scalar multiplication. Concretely,
T(u+v)=Tw)+T()and T(cv) = ¢ T(v) for all vectors u, v and scalars c.

Basic matrix operations include addition and multiplication. Matrix multiplication is not commutative, meaning
AB # BA in general. The product of two matrices 4 and B corresponds to doing their transformations in sequence.
If T has matrix 4 and U has matrix B, then the composition T o U has matrix AB. Equations are often written as

b = Ax or y = Ax, showing how x is mapped to Ax. For example, if A = (‘; Z) and x = (;) then

a b\ (x ax + by
=(ca) )= (&t ay)
cd/ \y cx + dy

This linear action can be interpreted geometrically as moving and stretching points in the plane (Fig. 1).
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Figure 1 Geometric interpretation of matrix-vector multiplication. (A 2D vector is mapped to a new vector via
the matrix.) Source: GraphicMaths (visualization of Ax).

Types of Matrix Transformations in 2D

Linear transformations in the plane come in standard types. Here we describe several and give their matrix forms
and effects.

Scaling: This stretches or compresses distances along the axes. A scaling matrix is diagonal:
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§= (sx 0)
“\0 sx

If sx > 1, the x-direction is stretched; if 0 <'s, <1, it is compressed. Similarly s, scales the y-direction. For

example,
20
S =
(03)

doubles x-coordinates and triples y-coordinates of any point. Under such scaling, a unit square becomes a larger
(or smaller) rectangle (Fig. 2). GraphicMaths notes that matrices can describe “scaling, rotating, [and] skewing”
of objects.

Rotation: A rotation turns all points by an angle 6 about the origin. The rotation matrix is

R(B) = (COSG —sinB)

sind cos6

v

Multiplying a vector by R(8) rotates it counterclockwise by 6 (keeping the origin fixed). For instance,
R(90°) (;) = (—xy ) . Rotation preserves lengths and orientation. In fact, “rotation matrices have determinant +1”.

Figure shows a unit square rotated by 10°.

Reflection: A reflection flips the plane across a line through the origin. The matrix for reflecting across a line at
angle /2 is

_(cos (28) sin (26)
B (sin (26) —cos (29))

For example, reflecting across the x-axis (horizontal) is M = (3 _01). Reflections have determinant -1 and reverse
orientation. Under reflection, lengths are preserved but the figure is “mirrored”.

Shearing: A shear transformation slides the plane in one direction, turning rectangles into parallelograms. In 2D
there are horizontal or vertical shears. A horizontal shear by factor & uses

H=(5)

so (x,¥) » (x+ ky,y). A vertical shear by k uses (i 2) A shear distorts shapes (e.g. squares become

parallelograms) but preserves area. In a shear, all horizontal lines remain parallel and equally spaced, so the grid
lines stay evenly spaced. (Shear is an affine transform; without translation, it is still linear in matrix form).

Orthogonal Projection: A projection sends every point to a fixed line or axis (through the origin) and “flattens”
the other direction. For example, projecting onto the x-axis is

10
b= (00)
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sending (x,y) — (x,0). A projection matrix satisfies P? = P (idempotent). Its eigenvalues are 1 (along the line
of projection) and 0 (perpendicular to it). Thus points on the axis stay fixed while others collapse onto it.
Orthogonal projections preserve length along the line and send perpendicular components to zero.

Table 1 Common 2D linear transformations and their matrices/effects

Transformation Matrix 4 Geometric Effect
s, 0
Scaling ( x ) Stretch by s, in x, s, iny
0 s,
. cosf —sin6 .
Rotation by 6 ( . ) Turn by 8 about origin
sin@ cos0O
. . P cos (260) sin (26) . .
Reflection across line at angle — ( , ) Mirror across that line
2 sin (26) —cos (26)
. 1k .
Shear (horizontal, factor k) (0 1) Slant shape horizontally, preserve area
Orthogonal projection onto axis/line P?=P Collapse points onto a line (flatten)
3_ 3_
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Figure 2 Unit square scaled by 2 in x and 3 in y (blue to red). Source: GraphicMaths (scaling matrix example).

e

i
L
L
b

Figure 3 Unit square rotated by 10° (blue to red). Source: SciPython.
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Figure 4 Unit square sheared horizontally (k=0.5). Source: SciPython.

Transformation of Basic Shapes

Applying a matrix to all points of a shape deforms the shape accordingly. We consider a few simple shapes:

Unit Square: The points (0,0), (1,0), (1,1), (0,1) form a square. Under a linear transform A, these map
to {4(0,0),A(1,0),A4(1,1),A(0,1)}. Since A(0,0) = (0,0), the origin stays fixed. The other corners
move; e.g. with a shear A = (3 1) , the top side becomes slanted. Figure 5 shows a square first rotated
and then sheared. After rotation by 10°, the square becomes a rotated parallelogram; applying an
additional shear slants it further. (Problems: compute the images of the corners under a given matrix.)

Triangle: A triangle’s vertices {(xy,y1), (x2,¥2), (x3,¥3)} are each transformed by A. For example, if
A= (_01 (1)) (a 90° rotation), then (x,y) = (—y, x). The new triangle is just the original one rotated or
scaled. One can apply any of the matrices above to a triangle and plot the result.

Circle (Regular Polygon Approximation): A circle can be approximated by many points on its
circumference (or a regular polygon). Under a linear map, these points move to an ellipse-like shape in
general. For instance, a circle of radius 1 centered at origin becomes an ellipse if 4 has unequal
eigenvalues. If the map is isotropic (uniform scaling or rotation), the image remains a circle.
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Figure 5 Unit square under a 10° rotation (blue) followed by a horizontal shear (red). Source: SciPython.

Eigenvalues, Eigenvectors, and Invariant Lines

An eigenvector of a matrix A4 is a nonzero vector v whose direction remains unchanged by 4. Formally Av = Av,
where A is the corresponding eigenvalue. Geometrically, v is only stretched or shrunk (and possibly reversed) by
the factor A. For example, in a shear transformation only the horizontal axis may be fixed; any vector along that
axis is an eigenvector of eigenvalue 1. Wikipedia explains that eigenvectors “have their direction unchanged (or
reversed) by a given linear transformation”. If 1 > 0, the eigenvector’s direction stays the same; if A < 0, it is
flipped 180°.

To find eigenvalues for a 2x2 matrix A = (‘: Z) , we solve the characteristic equation det (A — Al) = 0. This

leads to the quadratic > — (a + d)A + (ad — bc) = 0. Solving yields two (possibly equal) eigenvalues 1, 1,.
Then solve (A — A;I)v = 0 for each to get the eigenvectors.

Eigenvectors have important geometric meaning: they point along invariant lines of the transformation. Points on
an eigenvector line are only scaled. For example, a reflection across a line has eigenvalues 1 (along the line of
reflection) and -1 (perpendicular to it). A projection matrix has eigenvalues 1 (for directions it keeps) and 0 (for
collapsed directions). Table 2 gives some examples of simple matrices with their eigenvalues and geometric
interpretations.

Table 2 Examples of eigenvalues/eigenvectors for specific 2x2 transformations and their geometric meaning.
(Eigenvalues from standard formulas.)

Matrix 4 Eigenvalues Eigenvectors Meaning
(Direction)
(](; 2) (scale) kk Any direction Uniform scale by £.
cost —sinf . Complex if 6 # 0,7 none real (except O | Pure rotation, no real
) (rotation) . . .
sin@ cosf vector) invariant line.
01 1,-1 Directions long y = | Reflects points across
(1 O) (reflect across y = x) xandy = —x the line y = x.
(0 1) b 1,1 Horizontal axis only Shear fixes horizontal
1 1) (shear) direction (\=1)
((1) g) (proj. to x—axis) 1,0 x-axis & vertical axis
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Figure 6 Eigendirections (red) of a shear transformation (black grid). The horizontal vector is an eigenvector.
Source: Wikimedia Commons (image by B. Vanderbeke).
Composition of Transformations

Applying two transformations in succession corresponds to multiplying their matrices. If 4 and B are 2x2 matrices
for transformations 7 and U, then T (U(x)) = (AB)x. In fact, the standard matrix for the composition T o U is
AB. Thus one can combine effects by matrix multiplication. However, matrix multiplication is generally not
commutative: AB # BA. This means the order of transformations matters. For example, rotating then scaling gives
a different result than scaling then rotating (unless the matrices commute). Associativity does hold, so A(BC) =
(AB)C.

Applications in Real Life and Computer Graphics

Matrix transformations are widely used in practice. In computer graphics, every 2D or 3D scene uses linear
transforms. Objects, cameras, and lights are positioned by translating, rotating, and scaling their coordinates. As
the CS Field Guide notes, “the most common [graphics transforms] are translation, rotation (spinning it) and
scaling (changing its size)”. Rather than moving each point individually, graphics systems multiply all coordinate
vectors by a transformation matrix. Rotation matrices in particular “are used extensively for ... computations in
... computer graphics”. For example, sprite images in a video game can be rotated and scaled smoothly by 2x2
matrices (Fig. 11).

In physics, 2D matrices model rigid-body motion in a plane. A rotation matrix can represent the orientation of a
spinning object. Projections are used in optics and graphics to project a 3D scene onto a 2D plane (orthographic
or perspective projections use 3x3 matrices for 2D screens). In control systems and robotics, coordinate frames
are transformed using matrices. According to one robotics text, “vectors and matrices are used in robotics to
represent 2D and 3D positions, directions, rigid body motion, and coordinate transformations”. For instance,
converting from a robot’s joint angles to its hand’s world coordinates involves multiplying by rotation/translation
matrices.

Many other fields use linear transforms. In data analysis, projections reduce dimensionality (PCA involves eigen-
decomposition). In image processing, convolutions and filters are linear operations.

Table 3 Real-world uses of 2D transformations. (Based on applications in graphics, robotics, physics.)

Transform Type Examples of Real-World Use
Scaling Zooming images, resizing maps, adjusting font size (UI).
Rotation Rotating sprites in games, compass direction, coordinate frames in physics.
Reflection Flipping images (mirror effect), encryption algorithms, symmetry analysis.
Shear Slanting fonts (italic style), simple image distortion effects.
Projection 3D graphics projection to screen, shadow casting (drop shadows).
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Original sprite:

Scaled then rotated:

Rotated then scaled:

Figure 7 Example of a 2D sprite (image grid) undergoing rotation and scaling.
Discussion

We have seen that 2x2 matrices provide a powerful way to transform the plane. By visualizing their action on
simple shapes and grids, one gains intuition about each transformation’s effect. Figures and grids make these
effects clear, e.g. showing how a square becomes a parallelogram under shear. Visualization tools (e.g. Python
with Matplotlib, GeoGebra) can help students explore these ideas interactively.

A limitation is that pure 2x2 matrices only include linear transformations through the origin. Translations (shifts)
require using homogeneous coordinates and 3x3 matrices or affine transforms. Also, non-linear warping (like
perspective distortion) cannot be done with a single linear matrix. In an educational setting, however, focusing on
linear cases is valuable: it illustrates core concepts like eigenvectors and composition simply.

This paper treated several fundamental cases. In practice, one often combines them. We saw that the order of
multiplication matters, which is crucial in graphics pipelines. Understanding invariant lines via eigenvectors is
key to many algorithms (e.g. finding principal axes). Experimenting with these transformations deepens
understanding; for instance, one can write code to apply random matrices to a grid and observe the patterns.

Conclusion

Matrix transformations are essential tools in 2D geometry. We covered the main types (scaling, rotation, reflection,
shear, projection) and how they change shapes. We emphasized that eigenvalues/eigenvectors reveal invariant
directions in these transforms. Visualization of these effects, through figures and examples, makes the concepts
clear. Key takeaways include:

e Matrix as function: A 2x2 matrix defines a linear map sending input vectors to outputs, which can be
visualized geometrically.

o Types of transforms: Scaling, rotation, etc., each has a simple matrix form and specific effect (e.g. rotation
matrices preserve lengths).
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e Eigenvectors: Directions that stay fixed (up to scale) under the transform. They reveal “invariant lines” of
the action.

e Composition matters: Applying B then 4 corresponds to 4B, and AB # BA generally.

e Applications abound: From graphics and robotics to data science, these operations are everywhere.

Further study: Readers may extend this to three dimensions (3%3 matrices) and affine transformations

(translation included). Nonlinear transformations (e.g. perspective, projective) also have rich geometry. Exercises,

such as applying specific matrices to shapes or computing eigenvectors by hand, reinforce the concepts.

Appendix

Practice Problems:

1.

5.

Compute image of a triangle. Given triangle with vertices (0,0), (1,0), (0,1) and matrix

A= (_21 ;), find the new vertices 4(v).

Eigenvalues of a shear. For S = (; '; , show its eigenvalues and explain the invariant direction.
Order of operations. Let S = (3 ’;) (90° rot) and D = (5 0(_’5 (scale). Compute DR and RD, and
interpret the effect on a sample point (1,0).

Projection check. Verify that P = (3 g) satisfies
P? = P and find its eigenvalues and eigenvectors.

Shape transformation. The unit circle x? + y? = 1 is transformed by A = ((2) (1)) What is the image of
this circle?

Worked Example: Apply A = (i _42) to the unit square corners. We get

4(0)=(6)40) = ()4 () =(6)() = ()

Plotting these shows the transformed parallelogram (see Table 1 for checking shape).
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